independent of the theory of twisted endoscopy although the residue of A(s, tr, Wo) for S02n(F) at s 0 is proportional to a twisted orbital integral on GL,,.
Our results generalize to discrete series and are stated as Theorem 9.1 and its corollaries. In particular, Corollary 9.3 states that the reducibility criteria for S02n+I (F) The results on L-functions are stated as Theorems 6.1 and 6.2 and Proposition 8.1. They completely determine local Langlands L-functions L(s, tr,/2p.) and L(s, tr, Sym2(p,)) at every place, including the ramified ones. Although their product is the Rankin-Selberg L-function L(s, tr x tr) which is usually easy to compute (Lemma 3.6), it is how L(s, tr x tr) decomposes to their product which is delicate and requires the use of the theory of twisted endoscopy if one attempts to interpret them as Artin L-functions [20, 33] .
In terms of representation theory, the simplicity of L(s, a x tr) is equivalent to the simplicity of the irreducibility criterion for the representation of GL2,(F) induced from tr (R) tr on the Levi subgroup GL,(F) x GL.(F). It is always irreducible exactly because the L-function L(s, tr x t?) which gives the poles of the corresponding intertwining operator always has a pole at s 0 if tr is in the discrete series. Consequently, the results of this paper may be looked at as a measure of how much deeper the reducibility criteria for other groups could be, as soon as one considers groups other than GL,. Surprisingly enough, the reducibility criterion for Sp2. turns out to be equivalent to nonvanishing of the integral of a certain matrix coefficient over the non-Riemannian symmetric space Z,(F)Sp.(F)\GL,(F) when n is even (Criterion 5.2 and Remarks 2 and 3 of Section 5 for comparison with GL.). This may have global implications.
We should remark that global integral representations for both of these Lfunctions are now available [6, 7, 13] . Whether their local definitions agree with those given here remains to be seen. The results in [7- 1 follow the lead of Shimura, and Gelbart and Jacquet (for n 2), and Patterson and Piatetski-Shapiro (for n= 3).
The last section of the paper is devoted to direct calculations of intertwining operators for Sp2,(F) and SO2./x (F). Using Once and for all, we shall fix a Borel subgroup B for G. For simplicity we do this by identifying the roots in the unipotent radical of the subgroup of upper triangular matrices in GLm in the usual manner. Finally, we use T to denote the Cartan subgroup of G contained in the subgroup of diagonal matrices in GLm. Clearly, T c B and B TU. A parabolic subgroup P of G is standard if P = B. We shall frequently call P P(F) as a parabolic subgroup of G G(F), the F-rational points of G.
In each case we let P MN be the standard parabolic subgroup of G whose Levi subgroup is generated by the simple roots al, a,-1; i.e., M GL,.
In every case let a be an irreducible admissible representation of M GL,(F).
Fix a complex number s e C and let I(s,a)= Ind (a(R)ldet()lx)(R)l. If . denotes the remaining simple root of G (i.e., not in M) in each case, then in the notation of [23] this is I(2s, a), where (p, )-lp in which p is half the sum of simple roots in N (see [23] ), unless G Sp2, for which l(s, tr) l(s, a). It is useful to record that (p, ) (n + 1)/2, n 1, or n, according to whether G Sp2,, S02., or S02,/1, respectively. We use V(s, tr) to denote the space of I(s, tr). We should remark that our parametrization A. of a is the inverse of the one which results if one uses the definition in [19, 23] . This justifies the changes of i to r when using equation (2.7) of [25] .
One of the aims of this paper is to determine the L-functions L(s, a,/2p.) and L(s, a, SymZ(p.)) for any irreducible admissible representation of GL.(F). in the L-function in (3.2) is due to the fact that I(s, a) 1(2s, a) (in the notation of [23] ) in these two cases.
It follows from Lemma 7.4 of [23] , the uniqueness of 7(s, a, p., v), and case (ii) of [19] Proof. This is a consequence of Proposition 3.5 and Corollary 3.7.
4. A useful general lemma. In this section we shall prove a lemma on intertwining operators for an arbitrary connected reductive algebraic group over F. The basic idea of the proof is due to Rallis. In fact, our original statement was more restricted with a more delicate proof. The lemma will be used in the next section.
Let G be a connected reductive algebraic group over F. Recall that (see [26] ) given f V(v, a), the space of I(v, a), the integral (which converges for v in an appropriate cone) [26] <f, f'> (f (9) , f'(g)) d#(g) defines a duality between V(v, a) and V(-V, a) (with notation as in [26] We shall now interpret (5.2) in terms of matrix coefficients of tr. Since zw -is skew-symmetric,
Suppose e e (F*)2\F*. Then up to the cardinality of (F*)2\F*, 0(1, f) is equal to Oo(e,f) [23] Pax (q-S) pa(q-S-2Sl), and therefore L(s, r, /Zp) L(s 2sl, a, /Zp.).
Thus, from now on we may assume a is self-dual, and therefore 09 The nonvanishing of (6.1) determines whether A(s, a, Wo) has a pole at So. The polynomial Pa(q-z) will then be a product over all (with no repetition of factors)
(1 q2Soq-2S) for which (6.1) does not vanish. In fact, the condition q2nSo 1 will be automatically satisfied since the nonvanishing of (5.2) for f (R) Using S02+1(F) and the fact that operator (3.2) must be nonzero and holomorphic, we see that L(s, a, Sym2(p))= 1 unless some unramified twist of a is self-dual. Thus, from now on we shall assume a is self-dual and therefore 0.) 2 1.
Suppose n is odd. Then L(s, a,/2p) 1, and therefore by Lemma 3.6 (6.3) L(s, a, Sym2(p,)) (1 q-')-l.
It clearly has a pole at s 0.
Next, assume n is even and So is a pole of L(s, a, Sym2(p,)). Let r/= ]o. Then L(s, a (R) 7" det, Sym2(p,)) will have a pole at s 0. By Lemma 3.6, Corollary 3.7, and Theorem 6.1, a (R) r/. det must be self-dual and (6.2) must vanish for all of its matrix coefficients. Clearly, (1 r/z(to)q-2s) must divide L(2s, a, Sym2(p,))-1.
Let S' denote the set of all the unramified characters r/e F*, no two of which have equal squares, for which a (R) r/. det is self-dual and the nonvanishing condition (6.2) never holds for any f C(GL,(F)) defining a matrix coefficient of (R) q.det (in particular, if co-1). Then by the self-duality of a and a (R) 7" det, we have a (R) r/. det -a (R) r/-x" det, and therefore if r/e S', then so does 7 Plancherel measure/(s, a) for I(s, a) can now be easily computed by means of Corollary 3.6 of [23] . For example, consider G Sp2.(F). In this case #(s, a)= /(s, a) in the notation of [23] . Let e(s, a,/2p., ) denote the root number attached to/2p, and a in Section 7 of [23] . Then e(s, a,/2p., Oe)= cq-. (/,) where c is a nonzero complex number and the symbol n(/2a) is an integer. Let n(a) be the conductor of a. (See [15, 27] .) Fix (G/P) > 0 as in [23, 31] . The following corollary is easy to prove. 
For every function h e C(G,(F)) and every 6 e G,(F), let
where d is as in ( where u (9. On the other hand, we need to consider Given a function f C (GL,(F)) and a 0-regular element (or 0-conjugacy class)
of GLn(F), we define 0(' f) f(9-0(9)) dO where the measure dO is the ratio of two Haar measures on GL,(F) and G, r(F) fixed as in [21] . It is clearly an orbital integral defined on the disconnected group G Suppose is changed to V' GL,(F), stably 0-conjugate to ?, i.e., 7' 9-0(9) for some 9 GL,() satisfying 9a (9) -G,r for all a F(ff/F), where F F(ff/F) is the Galois group of F/F. It is then easily checked that Go, and Go, r, are inner forms, which being tori must be isomorphic. Transferring measures to O0(', f) can now be done with no ambiguity. Assume now that is strongly 0-regular and set 0(7, f) 0o(7', f) where y' runs over representatives for all the 0-regular (semisimple) conjugacy classes {?'} which lie inside the stable 0-conjugacy class of ?.
Given a regular semisimple element SO,,+x (F), we let H be the connected component of its centralizer. Again as in [21] , we set
for every f C(SO,,+I(F)), where d/ is again defined as in [21] . We call 6 strongly regular [21] if H H. We can then define
where is strongly regular and ' runs over representatives for all the regular semisimple conjugacy classes {),'} which lie inside the stable conjugacy class of 6.
Next, we need to define a norm map. We follow [18- The fact that transfer factors are simply the ratios of discriminants (which is a constant in this case and can be absorbed in the defining measures) and that there are no signs is a reflection of the fact that H Sp,(C) is the centralizer of 1 in GL,(C) rather than e , where e diag (1, 1, 1,. ..).
We shall now deduce a useful corollary of this assumption. Proof. This is a consequence of Proposition 7.1 applied to the left-hand side of (7. 2), together with the homogeneity of Shalika We justify our definition by observing that if fn(e) 0, then by the Plancherel formula for SO.+ (F), there must exist a stable tempered (in fact discrete series) character of an L-packet on SO.+(F) which does not vanish on fn. (See [12, 23] .)
It is this L-packet which is supposed to lift to tr by means of twisted endoscopic transfer [18] . This must be then the packet attached to q9 o as a map into Sp.(C)
LH"
Remark. The automatic condition o9 1 (beside tr 7), if tr comes from SO,+(F), is in complete agreement with the parametrization problem. In fact, if qgo: Wr GL,(C), attached to tr, factors through Sp,(C), then det(qgo) 1 implies co |. [23] . By the construction of these factors explained in Section 7 of [23] , we may assume a is in the discrete series.
Let us first treat L(s, a, A2p,). Fix a nontrivial additive character $ of F and let 7(s, a,/2pn, br) be the factor attached to a and/2pn by Theorem 3.5 of [23] . We shall now apply Lemma 3.6 to every L-function in (8.5) . First, assume b is even. Then the numerator of (8.5 ) is equal to where , fro (R) a(b+l)/2-i" They have no factors in common, and therefore by (8.1), L(s, a,/2p,) is equal to the inverse of (8.6 ). The case of odd n can be treated the same way. We record our results as the following proposition. 
L(s, n (R) 5 9. R-groups for representations induced from discrete series. In this section we shall use the results of Section 8 to determine the reducibility of l(a) when a is now any discrete series representation of GL(F). In fact, our Theorem 9.1 generalizes Theorem 7.6 to any discrete series representation. We may assume a is self-dual.
Choose positive integers a and b with ab n and let no be an irreducible unitary supercuspidal representation of GLa(F) such that a is the unique discrete series component of the representation of GLn(F) induced from n (R)'"(R) rib, where rh no (R) 5 +1)/2-. The representation a being self-dual is then equivalent to no Zo. Next, we study the mysterious and fascinating case of S02+ (F) . The residue at the pole s 0 is now much more complicated than the two other cases. But we still manage to write them in terms of 0-twisted orbital integrals. Curiously enough, they are no longer semisimple! Let G S02+ (F) (g-XuO(g))(g-XuO(g))ldet(g-uO (9) (10.9) co(e)Oo(eu, f) -# 0. 
